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The theory of moduli spaces of principal bundles over an algebraic curve has played a central role in
various branches of mathematics including topological and cohomological field theories, representa-
tions of vertex algebras and the geometric Langlands program. The study of parahoric bundles, i.e.
principal bundles under the action of parahoric Bruhat-Tits groups provides a natural generalization
of well known properties and constructions which hold in the classical case.

Similarly, the geometry of the moduli space of smooth curves with marked points Mg,n, and their
various compactifications, have been an object of focus in a variety of areas. For instance the Mumford-
Knudsen compactificationMg,n allows simple nodal curves, while the Hassett compactification allows
the collision of marked points. Related are the Hurwitz spaces, parametrizing possibly ramified Galois
coverings of smooth curves, and their compactifications.

Classical conformal blocks provide a bridge between the moduli space of principal bundles andMg,n.
These are vector bundles on Mg,n whose fibers describe functions on appropriate moduli spaces of
principal bundles. Classical conformal blocks depend on a geometric and on a representation theoret-
ical datum and they satisfy compatibility conditions under degeneration of the geometric input. I am
working on extensions of conformal blocks with the aim of building a bridge between more general
moduli spaces of bundles and curves.

In [12] I have introduced twisted conformal blocks over Hurwitz spaces and shown that they satisfy
properties analogous the classical conformal blocks. In constrast to the classical case, the representa-
tion theoretical datum on which they depend, heavily relies on geometry. Moreover, these spaces have
been related to the moduli space of principal bundles under a parahoric Bruhat-Tits group depending
on covering data [74, 38]. I have further described these moduli spaces in terms of equivariant bundles
in [13] generalizing [3].

Together with my coauthors A. Gibney and N. Tarasca, I have studied conformal blocks over Mg,n
arising from representations of vertex algebras [17, 15, 16], settling a long standing conjecture about
their decomposition and behavior at the boundary of Mg,n. In another project with A. Gibney [14]
I have analyzed positivity properties of coinvariants over M0,n. Before giving the details of these
projects, I will introduce some terminology.

Background: Classical conformal blocks are vector spaces depending on

• Geometric datum: An n-pointed stable curve (X, P1, . . . , Pn), i.e. a point ofMg,n.

• Representation theoretical datum: A simple Lie algebra g, a positive integer ` and n irreducible
representations M1, . . . , Mn of g of level `.

Varying the geometric input, these vector spaces patch together to form a vector bundle of finite
rank overMg,n denoted Vg,n(L`(g), M•), whose rank can be computed through the Verlinde formula
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[24, 41, 43, 25]. These bundles satisfy functorial properties with respect to tautological maps [69]. In
the literature, compatibility with forgetful maps is called propagation of vacua, while compatibility with
clutching maps goes under the name of factorization rules (see (2) and (4) on page 3 for the definitions
of these properties). Another key property is that the restriction of Vg,n(L`(g), M•) toMg,n admit a
projectively flat connection [69, 67].

It was further shown that conformal blocks give natural examples of modular tensor categories [2, 42]
and they are linked to quantum groups at root of unity and their associated TQFTs via their monodromy
representations [73, 62].

Modular interpretation. Let G be the simple and simply connected group with Lie algebra g. Then
the fiber of Vg,n(L`(g), M•) at the pointed curve (X, P1, . . . , Pn) is naturally identified with the space of
generalized theta functions on the moduli space of parabolic G-bundles over X with parabolic structure
at the marked points P• determined by the representations M• [64, 6, 60, 61, 48].

Prior results in more detail
In this section I briefly describe some results that I have obtained in the past.

Parahoric bundles and twisted conformal blocks

Groups from coverings. Through parahoric bundles we can describe various types of principal bun-
dles with decorations over a curve. A natural way to produce a parahoric Bruhat-Tits group is from
Galois coverings. Let G be a semisimple group and Γ a finite group of auotomorphisms of G. Con-
sider a possibly ramified Γ-covering of smooth curves π : X̃ → X, or equivalently a Galois extension
K(X) ⊂ K(X̃) with group Γ. In particular X̃ is equipped with an action of Γ over X. We define G as
being the group of isomorphisms of the trivial G-bundle X̃×G over X̃ which are further Γ-equivariant.
Equivalently, G is defined as the subgroup of Γ-invariant elements of the Weyl restriction π∗(X̃× G).

Twisted conformal blocks. Attached to groups G arising from coverings as described above, I have
defined the sheaf of twisted conformal blocks on the moduli space Hur(Γ)g,n parametrizing stable Γ-
coverings of curves [12]. In particular I have showed that

Theorem [12] The sheaves of twisted conformal blocks are vector bundles of finite rank onHur(Γ)g,n
which admit a projectively flat connection on Hur(Γ)g,n. They further satisfy propagation of vacua and
the factorization rules.

As in the classical case, these sheaves are related to the moduli space of G-bundles through generalized
theta functions [37, 74, 38] answering questions posed in [59, 58]. Moreover their rank can be
computed using fusion rules [20].

Equivariant bundles. Using non trivial (Γ, G)-bundles, we can construct other groups arising from
coverings. Given a Γ-covering of curves X̃ → X, a (Γ, G)-bundle is a G-bundle P over X̃ which is
equipped with an action of Γ lifting the action of Γ on X̃ and compatible with the action of Γ on G.
The group of automorphisms of P which are compatible with Γ and G defines a parahoric group GP
over X. The following result establishes a dictionary between equivariant and parahoric bundles:

Theorem [13] The stack of GP -bundles over X is isomorphic to the stack of (Γ, G)-bundles on X̃
which are locally isomorphic to P .

This result generalizes some instances of [3], and as such can be seen as a first step towards Project A.
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Conformal blocks from vertex algebras

Vertex operator algebras. Classical conformal blocks depend on a simple Lie algebra g, and a positive
integer ` and admissible representations. An easy way to encode this data, and that allow us to go
beyond the world of Lie algebras, is using the language of vertex operator algebras. These are vector
spaces, introduced in [30, 29, 10], which can be seen as a generalization of universal enveloping
algebras of affine Lie algebras. As such, it is possible to define the notion of V-modules which, morally,
correspond to integrable representations of affine Lie algebras. From this point of view, classical
conformal blocks can be seen as sheaves on Mg,n which are associated with simple representations
of the affine vertex algebra, classically denoted L`(g). Moreover, when the vertex operator algebra
V satisfies some natural properties, the category of V-modules is a modular tensor category and its
fusions rules satisfy the Verlinde formula [40, 42, 41, 43].

Conformal blocks. After examples of vector bundles of conformal blocks associated to affine vertex
algebras [68, 69] and with Virasoro vertex algebras [7], the first construction using more general
vertex operator algebras was approached first on moduli of smooth pointed curves [27], and then for
stable rational curves with nodes [57]. Finally together with A. Gibney and N. Tarasca, in [17, 15] I
have extended the notion of sheaves of conformal blocks over the wholeMg,n. These arise as duals of
sheaves of coinvariants, whose definition I briefly recall here. Let V be a vertex algebra and M1, . . . , Mn
be simple V-modules. Then the space of coinvariants over a stable curve (X, P1, . . . , Pn) associated with
(V, M1, . . . , Mn), denoted V((X, P•); (V, M•)) is the quotient of M1 ⊗ · · · ⊗Mn by the action of a Lie
algebra LX\P•(V) encoding the geometry of X \ P• and the V-module structure of each Mi. These
spaces fit together to define a quasi-coherent sheaf Vg,n(V, M•) onMg,n, whose dual Vg,n(V, M•)† is
the sheaf of conformal blocks. For these sheaves to “deserve” this name, certain properties need to be
satisfied:

(1) Projective connection: The restriction of Vg,n(V, M•) toMg,n is equipped with a projectively flat
connection.

(2) Propagation of vacua: For every smooth point Q ∈ X \ P• there is an isomorphism

V((X, P•); (V, M•)) ∼= V((X, P•, Q); (V, M•, V)).

(3) Finite dimensionality: The space V((X, P•); (V, M•)) is finite dimensional.

(4) Factorization rules: If Q ∈ X is a node and XN is the partial normalization of X at Q, then there
is an isomorphism

V((X, P•); (V, M•)) ∼=
⊕

V((XN , P•, Q+, Q−); (V, M•, W, W ′)),

where Q± are the preimages of Q in XN, the sum is over all simple V-modules W, and W ′ is the
contragredient module of W (i.e. the appropriate concept of dual module in the vertex algebra setting).

I summarize below the results that I proved in joint papers with A. Gibney and N. Tarasca.

Theorem [17, 15, 16] Let V be a simple vertex operator algebra and M1, . . . , Mn simple V-modules.

(i) If V is of CFT-type, then (1) and (2) hold;

(ii) If V is of CFT-type and C2-cofinite, then also (3) holds;

(iii) If V is of CFT-type, C2-cofinite, and rational, then also (4) holds. In this case the sheaves of coin-
variants and conformal blocks are vector bundles of finite rank overMg,n and their Chern character
defines a semisimple Cohomological Field Theory (CohFT).

3



The terms CFT-type and C2-cofinite encode finiteness conditions that V has to satisfy, while the adjective
rational implies that the category of V-modules is semisimple with finitely many simple elements.

This theorem recovers the properties of the classical conformal blocks [69, 67, 53], but can be applied
to a wider class of vertex operator algebras, producing in this way new types of conformal blocks
on Mg,n (see [16, 14]). In particular, the last part of the statement implies that we can explicitly
compute the ranks and higher Chern classes of these bundles as a function depending only on their
ranks overM0,3, the central charge of V and the conformal dimensions of every simple V-module W. A
refined version of the theorem above ([15, Sewing theorem]) has further led [33] to prove the sewing
conjecture proposed more than twenty years ago in [75, 39].

Global generation. Over M0,n the classical sheaves of coinvariants were shown to be globally gen-
erated [71, 23], hence their first Chern classes have positivity properties and define morphisms to
projective varieties having a modular description [31, 32, 1]. However, as illustrated in [14], this is
not true in general for coinvariants arising from vertex operator algebras. While investigating how to
characterize those vertex operator algebras giving rise to globally generated vector bundles, we have
shown the following:

Theorem [14] The sheaf of coinvariants V0,n(V; M•) is globally generated on M0,n if V is of
CFT-type and it is strongly generated in degree 1.

This result is far from characterizing when coinvariants are globally generated. In view of [22], if we
add the hypotheses of (iii) above, then V is a tensor product of affine vertex algebras. It seems then
that sheaves of coinvariants that are related to affine vertex algebras through quotient, tensor product,
coset, and orbifold constructions, could be the right candidate to satisfy properties like their classical
counterparts.

Curves with cyclic action

Although the moduli spaceM0,n is not toric for n ≥ 5, the spaceM0,n admits toric compactification
[50, 51, 4, 5]. Batyrev and Blume, for instance, construct a moduli space parametrizing rational curves
equipped with an involution and marked by one heavy orbit and n light orbits. In a joint paper with
E. Clader, D. Huang, S. Li and R. Ramadas, I have generalized such a construction obtaining the fine
moduli space Lr

n that parametrizes rational curves equipped with an automorphism of order r ≥ 2,
and marked by one heavy orbit and n light orbits. The space so obtained is not toric in general, but we
can still describe the boundary strata combinatorially:

Theorem [11] For any integers r ≥ 2 and n ≥ 0, there are bijections{
boundary

strata in Lr
n

}
∼=
{

T-cosets
in S(r, n)

}
∼=
{

∆-faces
of ∆r

n

}
.

Here S(r, n) denotes an appropriate complex reflection group, ∆r
n an appropriate polytopal complex,

and the above bijections are dimension and inclusion preserving. We can further relate Lr
n to moduli

spaces parameterizing coverings of rational curves. In fact, it provides a compactfication of the moduli
space of coverings that is related to Hur0,n in the same way in which Hassett spaces are related to
Mg,n (see also [19]). Under this perspective, studying the properties of Lr

n relates to the question of
extending the notion of conformal blocks beyond the classical compactification of Hur0,n presented in
section Varying the geometric input on page 6.
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Future projects
I will outline here the principal ongoing and future projects.

Classification of parahoric groups: Recall the definition of GP from §Equivariant Bundles
on page 2. In [3] the authors show that a certain class of parahoric Bruhat-Tits groups, the ones which
are split, always arises essentially in this way, provided that Γ acts on G via inner automorphisms only.
It is natural however to not assume this condition, leading to the following problem.

Project A. Characterize parahoric groups arising from Galois coverings.

In analogy with [3], this question can be approached combining two elements. The first is the descrip-
tion of the stack of GP -bundles over X in terms of (Γ, G)-bundles on X̃ which are locally isomorphic
to P , i.e. when they have the same local type of P . I have answered this question in [13]. The second
involves the explicit classification of all the possible local types of (Γ, G)-bundles over X̃. This is work
in progress with J. Hong [18]. Using some results of my paper [13] we can show that the set of local
types of a (Γ, G)-bundle is given by the nonabelian cohomology H1(Γ, G) and can be described through
twisted conjugacy classes [54, 65].

I expect that every parahoric Bruhat-Tits group will actually arise from coverings. In this case, then we
could use twisted conformal blocks to study the geometry of the moduli space of parahoric bundles.
This means, for instance, being able to explicitly compute global sections of line bundles on these
stacks using fusion rules [20].

Twisted conformal blocks from vertex operator algebras: The term twisted conformal
blocks, referred to previously, has also been used in the context of vertex algebras equipped with
an automorphism [27]. When V is a vertex algebra and Γ a finite group of automorphisms of V, it is
possible to define twisted V-modules. In [28] the authors construct spaces of conformal blocks attached
to these twisted V-modules and to Galois coverings of smooth curves. In [66], this construction gave
rise to a quasi coherent sheaf on the space parametrizing coverings of smooth curves.

Project B. Unify the notions of twisted conformal blocks and extend those defined via vertex
operator algebras to coverings of nodal curves.

Similarly to the case of conformal blocks attached to untwisted modules, I expect the construction of
[66] to extend to the boundary of Hur(Γ)g,n and to coincide with the notion of twisted conformal
blocks that I have defined when V is the affine vertex algebra. I further expect these more general
twisted conformal blocks to satisfy propagation of vacua and factorization, while their Chern character
should give rise to a Γ-equivariant CohFT.

Modular interpretation and algebra of conformal blocks: Classical and twisted confor-
mal blocks are related to generalized theta function on appropriate moduli spaces of principal bundles
and a similar result holds also when the vertex operator algebra that defines the conformal blocks
depends on the Heisenberg vertex algebra [70]. I am working on the next step:

Project C. Find a modular interpretation for conformal blocks arising from vertex algebras.

Solving this problem will expand the dictionary between vertex operator algebras and algebraic vari-
eties, enabling us to use techniques pertaining to one area to prove results in the other one.

Test cases. A starting point is analyzing specific examples which are closely related to the simple and
abelian Lie algebra cases. Examples of these can be obtained through tensor or coset constructions, but
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can also include vertex operator algebras depending on even lattices since this can be seen as natural
generalizations of both the affine and the Heisenberg vertex algebra.

Automorphism groups. Thanks to [21], we can recover the group G from the automorphism group
of the affine vertex algebra L`(g) [21]. One direction to find a modular interpretation is to relate
the conformal blocks associated with a vertex operator algebra V to the principal bundles for a group
detecting automorphisms of V itself. Ideas in this direction have been considered also in [9].

Algebra of conformal blocks: We can reverse engineer the proof of the modular interpretation in the
classical case and construct a projective variety associated to conformal blocks. In view of the modular
description of classical conformal blocks, the Cox ring of the moduli space of stable G-bundles over a
smooth curve X is canonically isomorphic to the algebra of conformal blocks

A(g) :=
⊕
`∈N

V((X, P), (L`(g); L`(g)))
†

where the multiplication can be described purely in terms of representation theory [47, 52]. It follows
that a method to give a modular interpretation to conformal blocks is to construct a system of ver-
tex operator algebras {Vi}i∈I such that the space A(VI) := ⊕i∈IV((X, P); (Vi; Vi))

† has a canonical
algebra structure which is finitely generated. This construction could then be extended to conformal
blocks over nodal curves or with non trivial module insertions as in [8, 56, 55, 72].

Varying the geometric input: Conformal blocks naturally live on the Knudsen-Mumford
compactificationMg,n ofMg,n, which parametrizes curves with at worst simple nodes as singularities
and which are marked by n distinct points (satisfying appropriate stability conditions)[46, 44, 45].
However, there are other ways to enlarge Mg,n, allowing for instance worse than nodal singularities
or certain points to collide [63, 34, 35, 36, 26]. This motivates the following question:

Project D. Study (twisted) conformal blocks defined from (coverings of) curves with worse
than nodal singularities.

The problem has two components. The first one involves the actual construction of these generalized
conformal blocks. Secondly, to be sure that these spaces are the correct generalization of the conformal
blocks, we will need to show that they satisfy functorial properties with respect to tautological maps
and that they indeed define vector bundles on appropriate moduli spaces or stacks. For simplicity, I
will discuss only the case of untwisted conformal blocks.

Construction. Conformal blocks arise as dual of coinvariants V((X, P•); (V, M•)), which in turns are
quotients of M1 ⊗ · · · ⊗Mn by the action of a Lie algebra LX\P(V) encoding the geometry of X \ P•.
As noted in [49], in the case of affine vertex algebras, such a Lie algebra can be easily constructed
allowing curves with complete intersection singularities. However, for more general vertex operator
algebras V, then it is not evident how to construct a Lie algebra LX\P(V) which could give rise to the
right notion of conformal blocks. As in the definition of LX\P(V) given in [15], I expect LX\P(V) to
be defined as an appropriate subsheaf of η∗LXN\P,Q(V), where η : XN → X is the normalization map
and {Q•} is the set of points of XN mapping to the singular points of P via η. A starting point to do so
is to consider only curves with Ak-singularities.

Properties. To know that the constructed spaces are actually the correct extension of conformal blocks,
we will need to check their compatibility with tautological maps. In particular we expect that an
appropriate generalization of the factorization rules holds. In other words, conformal blocks over a
singular curve X should admit a decomposition in terms of appropriate conformal blocks over the
normalization of X.
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Along the same lines of Project D, one may ask whether (twisted) conformal blocks can be constructed
on alternative compactifications of Mg,n or Hurg,n, such as Hassett spaces and the moduli space Lr

n
from the project Rational curves with cyclic action described on page 4.

Project E. Study conformal blocks over Hassett spacesMg,w and over Lr
n.

Recall that the Hassett spaceMg,w, parametrizes genus g curves which are marked by n points. These
are allowed to coincide or not depending on the weight datum w = (w1, . . . , wn) ∈ (0, 1]n and the
pointed curve needs to satisfy an appropriate stability condition [34]. For every w ≤ w′ there are
natural contraction maps M′

g,w → Mg,w, so in particular Mg,n = Mg,1 → Mg,w for every w.
In [23] it is proved that the map defined by the divisor associated with the sheaf of coinvariants
V0,n(L`(sl2), M•) factors through the natural contraction mapM0,n →M0,w, for appropriwhere the
weights w coincides. In [1], a similar result is shown to hold for coinvariants associated with L1(slr)

for every r ≥ 2. In other words, coinvariants on M0,n depending on representations of L`(sl2) and
L1(slr) can be realized as pullbacks from vector bundles V on an appropriate Hassett space. One of
the goals of Project E is to show that V are actually constructed as sheaves of conformal blocks over
Hassett spaces.
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