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ABSTRACT. For a vertex operator algebra V', one may naturally define spaces of con-
formal blocks following a construction of Frenkel-Ben-Zvi generalized by Damiolini—
Gibney—Tarasca. If V is strongly rational, these spaces of conformal blocks form vector
bundles over a suitable moduli space of algebraic curves. In this article, we establish,
under the same assumptions, the widely expected topological result that the spaces of
conformal blocks produce a modular functor, i.e. a modular algebra over an extension
of the surface operad. This entails that the category Cy of admissible V-modules in-
herits from the topology a ribbon Grothendieck—Verdier structure that leads even to
the structure of a modular fusion category whose structure comes directly from the
spaces of conformal blocks of V. As a direct consequence, we prove that the modular
functor from conformal blocks extends to a three-dimensional topological field theory
and comes with a description in terms of factorization homology.

1. INTRODUCTION

Informally, a modular functor [66, 53, 69, 67, 4, 33] is a collection of (projective)
representations of mapping class groups which satisfy appropriate compatibilities. More
concisely, a modular functor can be described as a modular algebra over an appropriate
extension of the surface operad [8] as recalled below in Definition 3.4.2. Translating this
into the algebro-geometric context via the Riemann—Hilbert correspondence, one could
describe a modular functor as a collection of (twisted) D-modules on an appropriate
moduli space of curves, which again are required to satisfy appropriate conditions. In
this paper we show that the conformal blocks from a strongly rational vertex operator
algebra (VOA) V naturally define a modular functor.

Let us recall that, given V-modules X7, ..., X,,, in [25] Ben-Zvi and Frenkel construct

the sheaf of coinvariants V,(X,) over the moduli space M g,n of n-marked curves of genus
g (with tangent data). The sheaves of conformal blocks are the dual sheaf. Furthermore,
the conformal structure on V' (and on the modules X;s) induces a projectively flat con-
nection on Vy(X,). This construction has been generalized in [16, 18] by Damiolini,
Gibney and Tarasca to allow also curves with nodal singularities, and therefore obtaining
a sheaf over M, ,,, which we still denote V,(X,). When V is strongly rational, in [18] it
is further shown that V4(X,) is indeed a projectively flat vector bundle with logarithmic
singularities (see Section 2.2). In this paper we show that these twisted D-modules define
a modular functor:

Theorem 4.2.2. IfV is strongly rational, then sheaves of coinvariants define a modular
functor.
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The fact that the sheaves of coinvariants form a modular functor in the rational case
was stated as an expectation by Ben-Zvi and Frenkel in [25, Section 10.1.4]. More-
over, when V = Ly(g) (the simple affine VOA at positive integer level), Theorem 4.2.2
was proved in [4]. As a first remark, we note that the extension of Vy4(X,) to M,
(given in [16, 18]) is crucial to be able to actually describe the compatibilities conditions
that a modular functor requires the bundles V4(X,) to satisfy. Informally, this follows
from the fact that the topological operation of sewing a surface together along some
parametrized boundaries—which governs some of the properties that a modular functor
need to satisfy—in algebraic geometry can be translated into the two operations of de-
generating a smooth curve to a nodal curve, and then smoothen it out to obtain another
smooth curve (see also Figure 1).

Before commenting on the proof of Theorem 4.2.2, we will first discuss two of its main
consequences which we present in Section 5.

1.1. The topologically inherited structure on Cy. By [56, Theorem 7.17] every
modular functor induces on its underlying category C naturally the structure of a ribbon
Grothendieck—Verdier category (see Section 5.1 for details). Applying this to the modular
functor obtained from coinvariants, we can therefore obtain a balanced braided monoidal
product (% on Cy—the category of admissible V-modules—in an algebro-geometric fash-

ion (see Corollary 5.1.1). Moreover, by further inspection, and using the recent results
of [21], we can show the following result:

Theorem 5.3.1. Coinvariants induce on Cy the structure of a modular fusion category.

We observe that, together with [8], this result implies a factorization homology de-
scription of V (Corollary 5.2.1).

The fact that on the category of V-modules Cyy one can define the structure of a
modular fusion category has also been shown by Huang and Lepowsky. In fact, in
a series of papers [43, 44, 45, 39, 40, 41], the authors define a tensor product using
analytic methods, denoted here 1%1 on Cy, and they further show that this gives rise to a

modular fusion category on Cy. Our approach is independent of the work of Huang and
Lepowsky. It crucially uses Theorem 4.2.2 which, as mentioned above, together with [56,
Theorem 7.17] naturally yields a ribbon Grothendieck-Verdier structure on Cy. To verify
that this actually is a modular fusion category one needs to prove rigidity, which can
accomplished using [21]. The non-degeneracy of the braiding can be proved by means of
the factorization homology characterization of modular functors [8].

It is natural to wonder whether in fact, the two structures are equivalent. As we discuss
in Section 5.4, although one has isomorphisms M % N=ZM 1% N for every M, N € Cy,

it is not clear that these indeed realize an equivalence of modular categories. We expect
that this is the case, but we leave the detailed analysis of this comparison to a future
work and concentrate here on the implications of the geometrically constructed tensor
structure in Theorem 5.3.1.

1.2. The 2dCFT/3dTFT correspondence. One of the main ideas put forward by
Witten in his seminal paper [72] is a profound correspondence between two-dimensional
conformal field theory and three-dimensional topological field theory. The question to
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what extent this correspondence is a rigorous mathematical result depends on the per-
spective: If, as a starting point for the description of a conformal field theory, we choose
a modular (fusion) category appearing in [69] as an abstraction of the notion of modu-
lar data in [54] (in that picture, a VOA is just a source for a modular category), then
the work of Reshetikhin—Turaev [63, 62, 69] can be seen as a mathematically rigorous
instance of the 2dCFT/3dTFT correspondence. In particular, this tells us how to build
from a modular fusion category state spaces associated to surfaces that, in this particular
approach, are called also spaces of conformal blocks [33, Section 2.4]. The FRS formalism
developed by Fuchs—Runkel-Schweigert, partially with Fjelstad [27, 28, 29, 30, 23, 24]
solves the classification and construction problem for full rational conformal field theories
in this setting.

If however instead of modular categories, one puts the spaces of conformal blocks from
[25, 16, 18] front and center, there actually remains a significant conceptual problem [31,
Section 3.3]: The relation between the conformal blocks built from a modular fusion
category via the Reshetikhin—Turaev construction (arising from the category of modules
over a strongly rational VOA) and the spaces of conformal blocks that we consider here
and arising from [25, 16, 18] is not known.

Using Theorem 5.3.1, we obtain the following result:

Theorem 5.5.1. Up to a contractible space of choices, the modular functor V is the
unique modular functor extending the modular fusion category Cy from genus zero to all
surfaces. In particular, there is a canonical equivalence

V = Fc,

of modular functors between V and the Reshetikhin—Turaev type modular functor e,
of the modular fusion category Cy. This affords an extension of V to a once-extended
three-dimensional topological field theory.

To the best of our knowledge, this is the first 2dCFT/3dTFT correspondence genuinely
native to the framework of rational VOAs. A comparison result in a similar spirit was
achieved by Andersen and Ueno in [2] in the special case of affine Lie algebras.

Theorem 5.5.1 has the important implication that the FRS formalism, i.e. the construc-
tion of correlation functions via the correspondence between two-dimensional conformal
field theory and three-dimensional topological field theory, is actually applicable to the
spaces of conformal blocks constructed directly from V. Since the FRS formalism always
guarantees non-trivial solutions for the correlation functions, we can deduce the existence
of solutions for the Knizhnik—Zamolodchikov equations of V. Actually, even more is true:
By applying the FRS formalism to Cy from Theorem 5.3.1, we can describe all systems
of solutions compatible with gluing (see Corollary 5.5.2).

1.3. On the proof of Theorem 4.2.2. The concept of modular functor that we con-
sider here (see Definition 3.4.2) is topological in nature, while conformal blocks from
VOAs, as defined in [25], live in the algebro-geometric setting. Inspired by [4, 19], in
Section 3, we describe the dictionary that is necessary to go from one perspective to the
other. Let V be a strongly rational VOA and, as above, let Cyy be the category of ad-
missible V-modules, which is equipped with an equivalence C?}’ — Cy obtained assigning
to a module M its contragredient M’. A modular functor on Cy, should be given by a
compatible way of assigning, to every stable pair (g,n), and every Xi,..., X, € Cy, a
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vector bundle on ﬁg,n with a projectively flat connection (with logarithmic singularities
along the boundary Eg,n). Theorem 4.2.2 essentially boils down to the claim that the
assignments

X1,..., X, ’—)Vg(Xl,...,Xn)

satisfy explicit compatibilities corresponding to natural operations between marked curves.

Let us unpack what we mean by this. The stacks M, , are connected to each other
by tautological maps which arise from forgetting some of the marked points, or gluing
together curves along chosen marked points. These operations arise from the topological
counterpart of capping boundary components and sewing together two boundary compo-
nents respectively (see also Figure 1).

Denote by &,4+1: Mg nt1 — Mg, the map that forgets the datum of the n+1-st point,
then [9, 16, Propagation of Vacua| provides an isomorphism

(1) §:L+1VQ(X17"‘7X7L) gVQ(Xlu'”uXTLaV)

of sheaves on M, ,+1. However, this is not sufficient: Both sides of (1) are twisted
D-modules (i.e. vector bundles with a projectively flat connection) and one of the re-
quirements that V defines a modular functor is that the isomorphism (1) is actually an
isomorphism preserving this extra structure. We show this is the case in Proposition 4.3.1
by a direct inspection of the definition of the projectively flat connection given in [25, 16].
We note that, for this compatibility to hold, it is actually not necessary to assume that
V' is rational.

The more involved requirement that V has to satisfy, and where we heavily make use
of the rationality of V', concerns the compatibility with the gluing map, analyzed in
Section 4.4. Describing this compatibility carefully in algebraic terms is a little more
difficult and requires some notation. Given an element in M, ,,, i.e. a curve with marked
points and tangent vectors, one can naturally obtain a new curve by gluing together two
distinct points. One can show that this operation actually gives rise to a map

Sp: {twisted D-modules over ﬁg,n} — {twisted D-modules over ﬁg_l,n+2}.

The required compatibility that V has to satisfy is the datum of an isomorphism of
twisted D-modules

(2) SpVg(Xl,...,Xn)gvg_l(A,Xl,...,Xn)

over ﬂg,LnJrg, where A € Cy K Cy is the coevaluation element given by the contra-
gredient equivalence C°? — C. We first construct such an isomorphism using the [18,
Sewing Theorem| and we then show that indeed this isomorphism is compatible with the
projectively flat connection. In both these steps, a crucial ingredient is the rationality
of V: in fact this implies that we can identify A with the finite sum @g gmple S ® 5,
which makes it possible not only to construct an explicit map (2), but also to control its
behavior with respect to the projective connection.

1.4. Further directions. We conclude the introduction mentioning one natural ques-
tion which we also briefly discuss in the last section of Section 5. As pointed out,
Theorem 4.2.2 assumes that V is a strongly rational VOA, and the rationality condition
plays a crucial role in the proof of Theorem 4.2.2. However, imposing that V' is rational
is very restrictive. For instance, in [46], Huang, Lepowsky and Zhang show that even

without the rationality assumption, the category of V-modules Cy can be endowed with
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a monoidal structure (which turns out to be Grothendieck—Verdier [1]). It is natural
the to ask if sheaves of coinvariants induce a monoidal structure on Cy also without the
rationality condition (see (5.6.1)).

1.5. Plan of the paper. In Section 2.1 we give a quick overview of the definition of
conformal blocks associated to VOAs, referring the reader to [25, 16, 18] for detail. In
Section 3 we review the notion of a modular functor from an operadic perspective and we
explain how this can be described in algebro-geometric terms. Theorem 4.2.2 is stated
and proved in Section 4. Finally, in Section 5 we describe the main consequences of
Theorem 4.2.2, such as Theorem 5.3.1 and Corollary 5.5.2, and discuss future research

directions and open questions.
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2. VERTEX OPERATOR ALGEBRAS AND ASSOCIATED CONFORMAL BLOCKS

Throughout the paper, V' will denote a vertex operator algebra (VOA for short) which
is assumed to be N-graded, of CFT-type, Cs-cofinite, rational and self-contragredient.
This in particular implies that V is simple. Otherwise said, V is a strongly rational VOA.
Throughout, by Cy we denote the category of admissible N-graded V-modules. We refer
to [26, 48] as well as [18, 17] for more background on VOAs, V-modules and on the
conditions imposed here.

2.1. Coinvariants and conformal blocks. Generalizing the constructions of Ben-Zvi-
Frenkel and Nagatomo—Tsuchiya [25, 61], Damiolini, Gibney and Tarasca showed in [16,
18] that, starting with n objects Xi,...,X,, € Cy, one can naturally define a vector
bundle V,(Xy,...,X,)——called the sheaf of coinvariants—on M,,, the moduli stack
parametrizing stable genus g curves marked by n points at each of which a non-zero
tangent vectors is fixed (this stack is denoted 7;: in [16]). This construction is obtained
by descent from M, ,,, the moduli stack parametrizing stable genus g curves marked by
n points and local coordinates.! .

We denote the fiber of Vi (X1,..., X,,) at the point (C, Ps,7s) of My n by V(Xa)ic,p, ]
or simply by V(X,)ic if (P, 7e) are understood. We call these spaces the spaces of
coinvariants associated to X, and to the point (C, P, T,) of My . These spaces are
defined as quotients of X1 ® --- ® X, by the action of a Lie algebra Lcype(V)) which
takes into consideration both the geometry of C' and the action of V on the modules
X, (see [18, Section 3] for further details). Spaces of conformal blocks are naturally

1We note that in [16] and [18], two a priori different sheaves of coinvariants are defined. However in
[13] it is shown that actually the two constructions are equivalent.
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defined to be the dual of spaces of coinvariants and so they can be interpreted as spaces
of functions X; ® - - ® X, — C which satisfy some constraints specified by Lc pe (V).

Remark 2.1.1. (a) When V is rational and Cs-cofinite and the modules X, are
simple, then one can prove that the bundle V4(X1,...,X,,) is independent of the
non-zero tangent vectors and thus yields a vector bundle on M, ,, (see [18]). For
the purpose of this paper, however, we will always work over ﬂg,n.

(b) We note that in the construction of the sheaves V4(Xi,...,X,), one does not
need that V is Ca-cofinite or rational. However, without both these assumptions,
we do not know whether V,(X1,...,X,) is locally free of finite rank. Assuming
that V' is Ca-cofinite, but not necessarily rational, in [14] it is shown that the
sheaves V(X1,...,X,) are coherent. In [13] a sufficient condition to ensure that
they are locally free is provided.

2.2. Projectively flat connection. By extending the work of [25], in [16, Section 7]
it is shown that the bundle V,(X7,..., X)) admits a projectively flat connection with

logarithmic singularities along the boundary divisor A, , parametrizing singular curves.
This can be interpreted as a generalization of the Knizhnik—Zamolodchikov connection.

We set up some notation to explain this a little more carefully. If M, denotes the
moduli stack parametrizing smooth genus g curves marked by n points and with non-zero
tangent vectors at each marked point, then A, = Mg, \ M,,. To every line bundle
L on Mg, and to any o € C, one naturally associates a central extension

(3) 0—>Oﬁgn—>a¢4£—>7;,n—>0.

of the tangent bundle 7,,. (Here, and throughout, for X a scheme (or a stack), Ox
denotes the sheaf of rational functions on X.) To be concrete, when o € Z the sheaf
aAy can be interpreted as the sheaf of first order differential operators on the bundle
L®*. This notion can naturally be extended to every a € C (see [68]). By restricting this
sequence to 7'9771(—597,1) C Tg.n, the sheaf of tangent vectors to ﬂgm which are tangent

to the boundary divisor A ,,, one obtains the sheaf of Lie algebras acAz(—Ay ) and the
exact sequence

(4) 0— OFf,, — aAe(=Agn) — Tyn(—Agn) — 0

analogous to (3). In [16] it is proved that indeed V,(X1,...,X,) is equipped with an
action of

C ~
§AA(_A9771)7

where c is the central charge of the VOA V and where A is the Hodge line bundle on
My ;. This connection arises from the fact that, by definition, each V-module is equipped
with an action of the Virasoro algebra with central charge c¢. More details are given in
Section 4.3. We remark here that the existence of this connection and its identification
with the action of this Atiyah algebra does not require the rationality of Cs-cofiniteness
of V.. We refer the reader to [16, Section 7.1] and references therein for more details
about Atiyah algebras. In this paper, we denote the category of vector bundles on ﬂg’n

equipped with an action of a.AA(—Agvn) by (awAp-mod)(My ).
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2.3. Propagation of Vacua, Factorization, and Sewing. As illustrated in [18] it
is shown that the sheaves of coinvariants satisfy natural compatibility conditions which
resemble—but are a priori weaker—than those satisfied by a modular functor. In this
paper we will show that, in fact, sheaves of coinvariants define a modular functor (see
Theorem 4.2.2). To do so we will heavily rely on the properties known as Propagation
of Vacua (see [9, Theorem 3.6] and [16, Theorem 6.2]) and the Sewing theorem ([18,
Theorem 8.5.1]), which in turn can be interpreted as an enhancement of the Factorization
theorem ([18, Theorem 7.0.1]). Before doing this, we will recall the notion of modular
functor and return to the statement and proof of Theorem 4.2.2 in Section 4.

3. MODULAR FUNCTORS

Using the notion of a modular functor that builds, among other works, on [53, 69, 67,
4, 33], one may describe consistent systems of representations of extensions of mapping
class groups. In this text, we will use the definition from [8] that we recall in this section.

3.1. Modular operads. We will define modular functors via modular operads and their
algebras that were introduced by Getzler and Kapranov in [36]. More precisely, we will
need modular operads with values in the symmetric monoidal bicategory Cat of small
categories. Intuitively, a Cat-valued modular operad associates to a natural number
n > 0, a category of operations of total arity n, in such a way that (a long list of)
natural compatibilities are satisfied. A way to effectively encode these compatibilities
is to think about n as a graph having only one vertex and n many legs. One can then
build a category out of such graphs and their disjoint unions. This description based on
categories of graphs was given by Costello [10] and adapted to a bicategorical framework
in [56, Section 2].

We define Graphs as the category having as objects finite disjoint unions of finite sets
(which, as we see next, can be identified with appropriate graphs). Maps in this category
are given by graphs as we explain now: Recall that a graph is a tuple

I'=(V,H,i: H— H,s: H—V)

where V and H are finite sets of vertices and half edges, respectively, and ¢: H — H is
an involution. Intuitively, the map s sends a half edge to its source vertex, while ¢ maps
a half edge to the half edges that it is glued to. The orbits of ¢ are called edges of the
graph. An orbit of size one is called a leg while an orbit of size two is called an internal
edge.

A graph with one vertex and finitely many legs attached to it is called a corolla.
We will therefore identify the objects of Graphs with finite disjoint unions of corollas.

In order to define the morphisms of Graphs,
we first introduce two operations that associate N\
to a graph, a disjoint union of corollas. Given
a graph I' we define

e v(I') to be the graph obtained by cut- /<

ting I' at all edges; r y(T) 7o(T)
e 7y(I") to be the graph obtained by con-

tracting all internal edges of I'.
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A morphism between two corollas T' — T" is given by an equivalence class of triples
(T, 0, ¢1), where I is a graph and where ; are isomorphisms ¢g: T = v(T') and ¢1: T' =
mo(T"). We refer to [56] for more details on the equivalence relation and on the composition
of such maps.

Disjoint union endows Graphs with a symmetric monoidal structure. From now on, we
will interpret Graphs as a symmetric monoidal bicategory whose only 2-morphisms are
identities.

Example 3.1.1. Denote, for every n > 0, the corolla T,,_1 with n legs. One deduces
from the definition of Graphs that the permutation group S, on n letters acts on T, _1.

We have now the language to define a modular operad which, in this paper, we will
always assume to be valued in Cat, the symmetric monoidal bicategory having as objects
(essentially small) categories, functors as l-morphisms and natural transformations as
2-morphisms.

Definition 3.1.2. A (Cat-valued) modular operad is a symmetric monoidal functor
O': Graphs — Cat,

where, as mentioned above, Graphs and Cat are both interpreted as symmetric monoidal
bicategories, that comes equipped with an operation 1o € O(T1) of total arity two,
called operadic identity, that behaves neutrally with respect to operadic composition
up to coherent isomorphism and comes equipped with the structure of a homotopy fixed
point with respect to the homotopy involution on O(77}) as specified in [56, Definition 2.3].

Remark 3.1.3. In particular, O assigns to every corolla T" a category O(T'). If T), is a
corolla with n + 1 legs for some n > —1, then O(T),) is the category of n-ary operations,
i.e. operations with n inputs and one output. In the context of modular operads, the
distinction of input versus output is not made however; both are treated on the same
footing. Therefore, one can refer to O(T},) as the category of operations of total arity
n + 1. To every graph, seen as morphism I' : T — T” in Graphs, the modular operad
O associates a functor O(T') : O(T) — O(T"). Since O is required to be a symmetric
monoidal functor, this assignment has to satisfy appropriate compatibility conditions
that we will not spell out here. We should also point out that a symmetric monoidal
functor between symmetric monoidal bicategories is always to be understood in a weak
sense, i.e. up to coherent isomorphism. The necessary framework for this is set up in
[65, Chapter 2], see the explanations after [56, Definition 2.2] for more details and the
connection to more traditional descriptions of (modular) operads.

3.2. The modular surface operad. The main example of a modular operad that
informed the invention of the concept in [36] in the first place is the surface operad

Surf: Graphs — Cat.

For the category-valued version of this operad needed in this section, we refer e.g. to [56,
Section 7.3]. Let us outline the definition here: For a corolla T', the category Surf(T)
is the groupoid whose objects are connected surfaces 3 (surface means for us always
oriented, smooth, two-dimensional manifold, possibly with boundary) equipped with an

orientation-preserving diffeomorphism |_||_egS(T)S1 —= 0% that is referred to as boundary
parametrization. Morphisms in Surf(T") are isotopy classes of diffeomorphisms preserving
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the orientation and the boundary parametrization. In particular, the automorphism
group of a surface ¥ € Surf(T') is the pure mapping class group of 3; we refer to [22] for
a textbook introduction. The operadic composition is given by gluing along boundary
circles.

Remark 3.2.1. The reader familiar with [4] will note a certain similarity between the
notion of a modular operad (with values in Grpd rather than Cat), and that of a tower
of groupoids. Although not all the required compatibilities are spelled out in [4], these
two concepts morally correspond to one another. In particular, many arguments of [4]
phrased for towers of groupoids can be adapted and applied to modular operads. Under
this correspondence, the operad Surf corresponds to the tower of groupoids I (M) given
in [4, Section 5.6]. Note however the warning in Remark 3.4.3 that applies once we pass
to representations of these topological structures.

Remark 3.2.2. We note that for every corolla T', one has a decomposition

Surf(T) = |_| Surfy(T),
geN

where Surf,(T") C Surf(T') is the full subgroupoid spanned by surfaces of genus g. (Note
however that Surf, is not a modular operad!) For the corolla T, with n legs, denote
Surfy(Ty,—1) by Surfy,,. Whenever (g,n) is a stable pair, i.e. different from (0,0), (0,1)
and (1,0), then Surf, ,, is equivalent to the groupoid Hl(./{/lvgm). This is the fundamental
groupoid of ./{/lvg,n, the stack whose objects are smooth and projective curves of genus
g with n marked points non-zero tangent vectors (see [4, Theorem 6.1.13] and also [19,
Theorem 14.4]). Denote by II;(M) the collection of groupoids Hl(ﬂg,n) varying over
stable (g,n). This corresponds to an appropriate restriction of the operad Surf which we
call Surf**®® in analogy with the notation Teich®*®" used in [4] (but note that Surfs*?" is
not a modular operad).

As detailed in [4, Sections 6.2], one naturally associates to every graph I': T — T,

a gluing functor IT; (M)(T): Iy (M)(T) — II;(M)(T"). The definition of this morphism
uses the fact that, to I and to a curve belonging to IT; (M)(T'), one can naturally associate
a nodal curve whose dual graph is I'. To such a curve (and remembering the data of

the tangent vectors), one can naturally associate a smooth curve which will then be an

object of Iy (M)(T").

This procedure does not work if (g,n) is not stable. However, there is only one piece
of datum that is missing if one uses Surf****—or equivalently II; (/\7 )—rather than whole
operad Surf: The operation of filling punctures. Let T be the corolla with one leg. The
groupoid Surfy(Tp) is actually trivial: Its unique object up to isomorphism is the unit disk
D and the identity is its only automorphism. Given an object T' of Graphs and one of its

legs ¢, we can consider the object T'(¢) of Graphs obtained by removing the leg ¢ from 7.

To this operation, there is a natural map of groupoids My, : II; (M)(T') — II; (M) (T'(¥))
which contracts the /-th point.

We also observe that the map I'y: Ty UT — T'(¢), given by the graph obtained gluing
the leg of Ty with the leg ¢ of T' to form an edge, induces the analogue map between
surfaces. Namely, for every ¥ € Surf(T'), one obtains that ¥, = Surf(I'y)(D U X) is given
by ¥ by capping the ¢-th boundary component with the disk D.
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This will let us be able to treat the modular operad Surf and the tower of groupoids

I1; (M) as essentially equivalent concepts, at least for arity-wise arguments, see Figure 1
for a visualization.

T S US, € Surf(T) C1UCy € mM(T)

I NED DTN

T, % € Surf(T") CemM(T)

F1GURE 1. Ilustration of Surf and of II; (M).

3.3. Modular algebras over modular operads. Given a modular operad O—such as
Surf—we can define algebras over it with values in any symmetric monoidal bicategory
S. The case relevant for this article is S = Rex, the symmetric monoidal bicategory
of finite categories [20] over a fixed algebraically closed field k. The objects of Rex' are
linear abelian categories with finite-dimensional morphism spaces, finitely many simple
objects up to isomorphism, enough projective objects and finite length for every object, 1-
morphisms are right exact functors and 2-morphisms are linear natural transformations.
The Deligne product X is the symmetric monoidal product, and the category vect of
finite-dimensional k-vector spaces is the monoidal unit.

For C € Rex', consider a non-degenerate symmetric pairing x: C X C — vect. Here the
non-degeneracy means that x exhibits C as its own dual in the homotopy category of
Rex'; in more detail, there is a right exact functor A: vect — CXC satisfying appropriate
compatibilities with k. The symmetry of k means that x is equipped with the structure
of a homotopy fixed point structure for the Zs-action on maps C XIC — vect coming from
the symmetric braiding of X.

As shown in [56, Proposition 2.12], associated to (C, k) one naturally defines the mod-
ular operad Endg by sending a corolla T" with n legs to the category

EndS(T) := Rexf(C®", vect).

The pairing k, or rather its associated map A: vect — CXC is used to define the functor
EndS(I"), so that one obtains indeed a modular operad. We can further interpret A
as an object of C X C, the so-called coevaluation object, which coincides with the end
A= [yee DX XX (see [32, Section 2.2] for an introduction to (co)ends in finite linear
categories).
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Definition 3.3.1. A modular O-algebra valued in Rex' is an object C € Rexf equipped
with a non-degenerate symmetric pairing x and a morphism

F: O = End®

of modular operads, i.e. a symmetric monoidal natural transformation of symmetric
monoidal functors Graphs — Cat preserving operadic identities up to coherent isomor-
phism.

For more details, we refer to [56, Section 2.4]. Let us partly unpack this in the case
O = Surf. For T),_1, the corolla with n legs and ¥ € Surf(7,,—1), a modular Surf-algebra
F:0— Endg assigns a right exact functor

F(2;—): CB s vect

carrying a representation of the mapping class group Map(X) through natural automor-
phisms. These assignments need to satisfy appropriate compatibilities. We are going to
focus on two of them.

For Xi,...,X, € C (to be thought of as boundary labels for the n boundary com-
ponents of X), the vector space F(X; X1,...,X,) is therefore a representation of the
mapping class group of ¥. Suppose that ¥’ is obtained by gluing two boundary cir-
cles of another surface ¥ together, then the modular Surf-algebra structure gives us an
isomorphism

(5) (& -) =3 A, ),

where A € CXIC occupies the two slots affected by the gluing, without loss of generality the
two first ones. This is sometimes referred to as excision or factorization. The isomorphism
is Map(X)-equivariant, with the Map(X)-action on F(X'; —) obtained via restriction along
the group morphism Map(X) — Map(X'). If C is semisimple — let us denote the finitely
many simple objects by X;—then A = @, DX; X X;, which reduces (5) to

(6) S5 -) =PI DX, X, —)

A special case of the above occurs when 3 is the disjoint union of the disk D and of
another surface ¥”. Suppose that ¥/ is obtained by gluing the boundary circle of D with
one boundary circle of 3X”. In this special case, and assuming that C is semisimple, (6)
becomes

3 -) =P FD,DX;) @ F(E"; Xi, ) -
In particular, by setting £ = @, §(D, DX;) ® X; € C, we obtain
(7) (&) =3ESE,-).

Note that, by construction, ¥’ arises from ¥’ adding an extra boundary component.
Therefore (an iterative application of) (7) tells us that the value of § does not change if
the surface it depends on is modified adding more boundary components to which the
element F is attached.

Remark 3.3.2. We list a series of observations that will be used in Section 4.
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(a) We observe that, when considering IT; (M) in place of Surf to define the concept
of modular algebra, then condition (7) needs to be added separately. In fact, as
we already discussed, in II;(M) only stable pairs (g,n) are allowed. Therefore
the compatibilities with the operation of capping a puncture, translated here into
forgetting one of the marked points, need to be imposed as a separate requirement.
As we will see in Section 4.3, this is related to the property called propagation of
vacua.

(b) Asin Remark 3.2.1, one might compare the notion of modular O-algebra valued in
Rex! with the one of representation of a tower of groupoids [4, Definition 5.6.12].
Although the two notions slightly differ (e.g., we only allow right exact functors,
while no such restriction is in place in [4]; moreover, [4] does seem to consider
many coherence conditions one needs to bicategorical operadic algebras), one can
deduce properties of O-algebras valued in Rex' using the properties of represen-
tations of tower of groupoids described in [4] and adapt many arguments of [4]
to our situation (at least for arity-wise arguments), see however Remark 3.4.3.

(¢) Using the relations between Surf and II; (M) described in Remark 3.2.2, together
with the Riemann—Hilbert correspondence, we can give an alternative description
of a Surf-algebra in the algebro-geometric setting (see also [4, Theorem 6.4.2]).
For every stable pairs (g,n), and for every Xi,...,X,, € C, a Surf-algebra §
naturally assigns a vector bundle of finite rank §,(X1,...,X,) on M,, with
a flat connection having logarithmic singularities along the boundary Ag,n =

Mg\ /K/lvgm. This system of logarithmic D-modules (varying g, n and X;), must
satisfy a series of compatibilities analogue to those described in (5) and (7).

3.4. Modular functors. In an overly simplified way, modular functors (with values in
Rexf) could be thought of as Rex'-valued modular Surf-algebras. This, however, is not
correct because it does not yet take the framing anomaly into account. This framing
anomaly also plays an important role for the definition of the moduli space of modular
functors in [8]. In other words, without a proper treatment of the framing anomaly, one
does not arrive at the correct notion of maps between modular functors.

Example 3.4.1. To understand this subtlety, consider the following case. Let C = Cy
be the category of admissible modules for a Cs-cofinite and rational VOA. Then, as
mentioned in Section 2, one can associate to Xi,...,X, € Cy a vector bundle of finite
rank V,(X1,...,X,) on My,. When g = 0, then this vector bundle is equipped with

a flat connection (with logarithmic singularities along Ao,n). In fact, in this situation
the line bundle A is trivial and therefore the associated sequence (3) splits. However,
as soon as g > 1 and the central charge ¢ of V' is non zero, then (3) is non split (for
a = c¢/2 and £ = A), and therefore the V4(Xy,...,X,) admits only a projectively flat
connection (with logarithmic singularities along Agm)- In other words, E,n(—ﬁgm) only
acts on V,(Xy,...,X,) projectively.

Because of the framing anomaly, the mapping class group representations originating
from modular functors are generally not linear, but only projective. This can be included
through the following definition (see [8, Definition 3.5], building on concepts in [66, 53,
69, 67, 4]):

Definition 3.4.2. A modular functor is a pair (Q,§) of
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e an extension Q of Surf in the sense of [8, Section 3.1], i.e. a modular operad Q with
a map Q — Surf of modular operads with connected homotopy fiber, equipped
with a section over genus zero, and satisfying an insertion of vacua property;

e a modular Q-algebra § valued in Rex'.

Remark 3.4.3. While this definition from [8] is informed by the classical definitions
(which already mutually disagree, see [38] for this well-known problem), it is logically
independent and formulates all axioms in a coherent way using the language of mod-
ular operads in symmetric monoidal biategories. The theory of symmetric monoidal
bicategories is developed rigorously in [65], and earlier definitions, most notably [69, 4],
generally do not take such coherence isomorphisms into account, at least not compre-
hensively. Moreover, as far as the extensions of the mapping class groups are concerned
(to the extent to which this point is actually even formalized), many older definition are
directly tailored towards modular categories. The extensions in [8] satisfy topological
requirements, but the definition is agnostic to the origin of the extensions. Finally, let us
note that for the precise relation of [69, 4] to [8], it is not even clear how to formulate a
comparison statement: Clearly, the definitions do not agree on the nose, so we could ask,
at best, for a correspondence between modular functors up to equivalence of modular
functors. While in [8] there is actually a notion of equivalence of modular functors based
on equivalences of modular algebras in bicategories [56, Section 2.4] and through local-
ization at maps comparing different extensions [8, Section 3.2], a corresponding notion
of equivalence of modular functors in [4] that would allow for instance to relate modular
functors over different extensions does not seem to be available.

4. THE MODULAR FUNCTOR FROM COINVARIANTS

In this section we will show that sheaves of coinvariants associated to modules of a
Cs-cofinite and rational VOA V define a modular functor. As defined in Definition 3.4.2,
we need an extension Q of Surf and a Q-algebra valued in Rex'.

4.1. The extension. The extension of Surf that defines the modular functor in this
context is part of a family of extensions Surf® dependi%n a scalar a € C. When the
scalar is un-specified, this is denoted Surf in [19] and Teich in [4]. Instead of reporting
the details of this extension, we describe what are the key features of a Surf®-algebra
valued in Rexf. Using the perspective outlined in Remark 3.3.2 (c¢), if a Surf-algebra gives
rise to a family of compatible D-modules over M, ,, (with logarithmic singularities), a
Surf®-algebra gives rise to a family of twisted D-modules over M, , (with logarithmic
singularities). The twist is specified in this case by the Hodge line bundle A and the
scalar a.

More explicitly, for every stable pair (g,n), and for every Xi,..., X, € C, a Surf®-
algebra § naturally assigns a vector bundle of finite rank F4(X1,...,X,) on ﬂgm
equipped with an action of the Atiyah algebra aAA(—Agm), i.e. an aAA(—Agm)—module
of finite rank. We refer the reader to [16, Section 7.1] and references therein for more
details about Atiyah algebras.

The axioms that § is an algebra over Surf® imposes that, along with the collection
of these bundles, one also needs to record natural isomorphisms between these twisted
D-modules as observed for instance in (5) and (7).
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4.2. The modular algebra. Let V' be a Cs-cofinite and rational VOA and denote by
¢ its central charge. As in Section 2, we also assume that V and self-dual, i.e. that V is
strongly rational. Let Cy be the category of admissible N-graded V-modules. Assigning to
a V-module M its contragredient M’ gives rise to a non-degenerate pairing x on Cy, which
becomes symmetric through the canonical isomorphisms M = M"”. The pair (Cy, k) will
be the category with non-degenerate symmetric pairing underlying our modular functor.

We define the functor V as the one associating, to every stable pair (g,n), and every
X1,...,X, € Cy, the sheaf of coinvariants V(X1,...,X,) on M.

Remark 4.2.1. We note that the definition of V4 (X1, ..., X},) of [25, 16, 18] does require
that n > 1, but does not actually need that (g,n) is stable. However, when n = 0, one
can follow the procedure described in [16, Section 4.2, Equation (30)] and still obtain a
well defined sheaf V,. We will provide further detail about this in Section 4.3.

The main result of this paper is the following theorem.

Theorem 4.2.2. Let V be a VOA which is strongly rational (i.e. of CEFT-type, Co-
cofinite, rational and self-contragredient). Then (Surfc/Q,V) defines a modular functor.

As recalled in Section 2.1, under the assumptions of Theorem 4.2.2; the sheaves
Vy(X1,...,X,) are indeed vector bundles or finite rank over My, which are naturally
equipped with an action of $Ax(—Ay ) [16, 18]. We are left to show that these twisted
D-modules satisfy appropriate compatibility conditions. We will do so in the next sections
and wrap up the proof in Section 4.5.

4.3. Propagation of vacua compatibility. We begin describing the analogue of (7).
We first of all note that the element F appearing in (7) is given the vacuum representation
of the VOA V, that is the VOA V itself. Indeed, we have that Vy(X) = Cix—y and
V =V’ by assumptions (see e.g. [25, 74]). We now rephrase the relation between ¥/ and
¥ using M ,, instead of Surf so that (7) can be described in terms of twisted D-modules.

As noted in Remark 3.2.2, we can translate the operation of capping a boundary
component with a disk (in Surf), with the map that forgets one of the marked points (in
Mg ,,). Namely, denoting by

fn—&—l: ngn_i,_l — Mgﬂ

the map that forgets the datum of the n + 1-st point, equation (7) is translated into an
isomorphism

(8) Enr1Vo(X1, ..o Xn) =Vy(X0, .., X, V)

of %AA(—Ag,n)—moduleS.

__To show that (8) holds, consider (C, P, 7,) be a curve over S (i.e. an element of
Mg, (S)). For every point @ disjoint from P, and a non-zero tangent vector ¢ at @ we
need to provide an isomorphism

VX1, s X))o S V(X1 Xy V)0, PauQ,melic]

of twisted D-modules over S. Let 1 denote the vacuum element of V. This is a preferred
element of degree zero of V which plays a role similar to that of the identity in an
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associative algebra, and it is also annihilated by the Virasoro operators L; whenever
i > —1. As recalled in [18, Theorem 4.3.1] the map

X0 X, 2 X10--0X,®V, Xo H+ Xe ® 1
induces an isomorphism of the associated sheaves of coinvariants
P: V(Xl, ce ,Xn)[c’p.ﬂ_.] i) V(Xl, ce ,Xn, V)[C,P.I_IQ,T.LJC]'
Summarizing, in order to show that (8) holds, we are left to show the following statement.

Proposition 4.3.1. The map ® is compatible with the action of %AA(—Agyn).

Proof. To show that this holds, it is helpful to understand how the projective connection
arises in slightly more explicit terms. For simplicity, we assume that C' is a family of
smooth curves over S (the extension to the nodal case is straightforward). Then there is
an exact sequence:

0— 05 — aAy — Tg — 0

Furthermore, in view of the uniformization theorem, if the curve C' is marked by points
(Py,...,P,) with coordinates (t1,...,t,) (lifting the tangents 7;) we also have the exact
sequence of Og-modules

0— Tc(C\ Ps) — EHBOS((ti))@ti — Tg — 0.
i=1

Recall moreover that the Virasoro algebra Vir is an extension of C((¢))d;. By tensoring
with Og, we get therefore, for every ¢ € {1,...,n}, the exact sequence

0 — Og — VircOg — C((t;))0;, — 0.
One can show that the sequences above combine into the following commutative diagram

Tc(C\P.)iTc(C\P.)

J |

0 Og nVirg ——— @i, Os((t:)0, —— 0
0 OS OZAA 7?5' 07

where nVirg is the quotient of @} ; Vir &cOg which identifies all the centers of each
individual Virasoro algebra Vir.

By definition, every V-module X; has an action of the Virasoro algebra with central
charge a = ¢/2 and therefore nVirg naturally acts on X; ® --- ® X, ® Og. As shown in
[16], this action descends to an action of aAy on V(X1, ..., Xy)(c P, 7], defining in this
way the projective connection.

The action of Ay on V(Xy,..., Xn, V)i r.ugruq can be similarly described by
considering (n+1)Virg instead of nVirg to take into account the extra point (). However,
instead of (n + 1)Virg, one can actually compute the connection via the Lie subalgebra
nVirg @ Virg, where Vir:gF =~ Og[2]0, for z a local coordinate at @ lifting (.
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To finish the proof it is enough to show that given an element v € nVirg and w € Virg
and for every xo € X1 ® - - - ® X,,, we have

(v, W) * (Xe ® 1) = v * (Xe) @ 1.
Since
(0, W) * (Xe @ 1) =V * (Xo) ® 1 + X¢ ® w(1),

it remains to show that Virg acts trivially on 1. This is true because Virg is spanned,
over Og, by operators L; with ¢ > —1 and all of them act trivially on 1 by definition. [

4.4. Gluing compatibility. We now show that also (5) holds true for § = V. First of
all note that since Cy is semisimple, we have that

A= @ SK S,
S simple

where S’ is the contragredient module of S and so we actually want to establish (6). As
in the previous section, we will do so in the context of twisted D-modules over moduli of
curves. For this, we will need to introduce some notation.

Let T’ be a connected graph with only one edge e. Let T = v(T') and T" = mo(T), so
that I' can be interpreted as an element of Homgaphs(7T', 7”). As detailed in [4] and further
expanded in [19, Appendix A], to such datum one associates a natural specialization map

Sp,.: (SAA—m0d> (ﬁT/) — <S.AA—m0d> (ﬁT)
In the expression above, for T' = T,, we set

Mrp, = || Mg
g€N s.t.
(g,n) stable

When T is a corolla, i.e. a disjoint union of 7,s, then ﬁT will be the product of the

associated M, . Using this language, if I' has only one vertex then it follows that (6) is
translated in requiring an isomorphism

(9) SpVy(X1,.... Xn) = P V(9,5 X1,.... Xy).
S simple
which preserves the structures of §.A5-modules. If instead I" has two vertices, and there-
fore T = T' U T? is disconnected, the required isomorphism will take the form
(10)
SP Vgt (X1, Xy Y1, V) 2 @D Vo (9, X1, Xy ) @V, (S, Y1, ., Yay),
S simple
where {1,...,n1} and {1,...,ny} are labels of the legs of T and T? respectively.
Proposition 4.4.1. There exist isomorphisms (9) and (10) of §.Ax-modules.

Proof. We will only consider (9) as (10) proceeds in an analogue way. To show the
claim, we adapt the argument introduced in [4, Sections 7.6-7.8] and well detailed in [19,
Section 16 and Appendix A]. One starts with a curve C over a smooth variety S (together
with marked points P, and non-zero tangent directions 7,) such that C' is nodal along a
smooth divisor D C S and such that C|p has only one node (this condition correspond
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to the fact that " has only one edge). In view of how Sp, is defined, in order to show that
(9) holds, one must show that there is a connection-preserving isomorphism between

SpeV(XO)C

and the sheaf of coinvariants

P VX, S5z

S simple

where C is an auxiliary curve obtained from C' by normalizing the fiber of C' along D.
Adapting the arguments used to prove [4, Theorem 7.8.8] (see e.g. [4, Proposition 7.8.6
and 7.8.7] and [19, Proposition 16.5]), the gluing compatibility naturally follows from
Lemma 4.4.2, where an isomorphism (9) is constructed on an infinitesimal neighborhood
D™ of D. O

In order to conclude, we need to state and prove Lemma 4.4.2, for which we need
to set up some notation. Let D™ be an infinitesimal neighbourhood of D in S and
denote by V(X.)gL ) the induced O pmy-module. Note that it can be equivalently defined
as the sheaf of coinvariants associated with the restriction of C' to D™. Similarly, we
will use the notation C pm for the family of smooth curves over D™ which is obtained
normalizing C' along D. Finally, let ¢ = 0 be a local equation for D in S, so that

D™ = Spec(Os/(q"™*")) = Spec(Oplal/(a™+1)).
We recall that the contragredient module S’ of S is a V-module which has as underlying
vector space

S = @ Homc(Sy, C).
deN

In particular, the vector space S ® S’ contains the elements .#g 4 corresponding to the
identity map of Sy, seen as an element of Sy ® Homc(Sy, C). We define the series

I5(q) = Isaq”
deN

which naturally lives in (S ® S’)[¢]. Tensoring with the element .#5(q) defines the map
Js: (X1 ®-®X,)R0p[q] = (X1®--® X, ®S®8)20p][q],
which corresponds to a component of the map (47) of [18]. Denote the truncation of Jg
to D™ by
3§ (X1@ - © Xa) © Oplal /(") = (X210 ® X, @ S © 5) © Oplal /(4.

By taking the sum over the finitely many isomorphisms classes of V-modules we obtain
the map

I=PIs: (X1® - ®X,)@0p[d] - PX1®- © X, ®S®)&0pq],
S S

and its truncation 3. The statement that will imply Proposition 4.4.1 is the following.
Lemma 4.4.2. The Opm-linear map

3. Xe @ Opm) — @X.@S@S/@)(')Dm), Xe ® 1 ZX.(X)js(q)
S S
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induces an isomorphism of O pm)-modules

V(X2 — PV(X., S, ) B’
S

Furthermore one has the compatibility
(11) (g0y) o JE@ ") = ”(n) 0q0y — ws - jgn)
where wg € Q is the conformal weight of S.

Proof. The fact that the map J(q)(”) induces a map between sheaves of coinvariants
follows from [18, Theorem 8.5.1], where it is also shown that the induced map is actually
an isomorphism (called ¥ in [18]). We are thus only left to check that (11) holds true.
Let xo € Xo. Then using the Leibniz rule we obtain:

(q94) 035 (xe) = (q0) (xe ® )
= (q0y)(Xe) ® I35 + X ® q04(I3)

—35 0 q0q(Xe) Zx. ® (q0q)(ea @ €4)q +ZdX.®6d®€d)
d=0
In the last equality we wrote the truncation of .Zg as Y 7, eq®€q q%, where eg € Sy and
€q € S are dual to each other. To conclude, we need to explain how ¢d, acts on S ® S’
As in [4, Example 7.8.3] we can see that the tangent vector g0, lifts to a tangent vector

of Cpmy whose expansion around @)+ is given by atz4+0,, for some ay € C such that
a4 + a_ = 1. Therefore we have that

(q0q)(eq ® €q) = (a1 240. €q) @ €q+€q @ (_2_0._€q)
= —atLo(eq) ® e — a—(eq @ Lo(ea))
= —ai(d+ ws)(eq ® €q) — a—(d + ws)(eq @ €q)
—(d+ wg)(eq ® €q).

Combining the two computations we obtain

n

(q0y) o 'J(Sn) (Xe) = jgn) 0 q0q(Xe) — Z(d +wg —d)(xe ® g ® ed)qd
d=0

=3 0 g0, (xe) + wsI (xa)

which concludes the argument. O

4.5. Proof of Theorem 4.2.2. We have now all the ingredients to show that Theo-
rem 4.2.2 holds. First of all, using Proposition 4.3.1 and Remark 4.2.1 one shows that
to every stable pair (g,0), the sheaf V, is well defined and it is naturally equipped

with an action of ¢/ 2AA(—A970). Furthermore Proposition 4.3.1 shows that this system
of twisted D-modules with logarithmic singularities comes equipped with natural maps
corresponding to forgetting marked points.

Moreover, Proposition 4.4.1 tells us that this system of twisted D-modules with loga-
rithmic singularities is equipped with natural isomorphisms corresponding to the opera-
tion of edge contraction.
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Since every morphism between the spaces ﬁg,n (induced from those in Graphs) is
obtained composing forgetting marked points and contracting edges, we obtain that V
indeed defines a well defined functor modular algebra over the operad Su rfe/2. O

5. CONSEQUENCES AND FURTHER QUESTIONS

We describe here some consequences of Theorem 4.2.2 as well as open questions and
direction of further investigation. We begin with a background section which will be
helpful to understand some of the consequences of Theorem 4.2.2.

5.1. Ribbon Grothendieck—Verdier duality. Surfaces of genus zero form a cyclic
operad in the sense of [35] which is equivalent to the operad of framed little disks discussed
e.g. in e.g. [64]. As a result, any modular functor yields, by genus zero restriction, a cyclic
framed Es-algebra, see [56, Section 7.3] for the technical details. By [56, Theorem 5.12]
a Rex'-valued cyclic framed Es-algebra amounts exactly to a category C € Rex’ with the
following structure:

e a monoidal product ®: C X C — C with unit I, such that the hom functors
Home(— ® X, K) are via representable Home(— ® X, K) = Home(—, DX) such
that D: C°P? — C is an anti-equivalence;

e a braiding cxy: X ®Y =5V ®X for ®;

e a balancing, i.e. natural automorphisms 0x: X — X satisfying that 0; = idy
for the monoidal unit I and Oxgy = cyxcxy(fx ® Oy) for X, Y € C, that
additionally satisfies 0px = DOx.

This data on C is what in [7] is called a ribbon Grothendieck—Verdier structure. Therefore,
any modular functor produces by genus zero restriction a ribbon Grothendieck—Verdier
category [56, Theorem 7.17]. Thus Theorem 4.2.2 gives us:

Corollary 5.1.1. The modular functorV naturally induces on Cy a ribbon Grothendieck—
Verdier structure. g

This ribbon Grothendieck—Verdier structure is inherited from the topology. A priori,
we do not know how it relates to the algebraically constructed ribbon Grothendieck—
Verdier structure in [1] based on [43, 44, 45, 39], see Section 5.4 for more details. In any
case, let us observe that in Corollary 5.1.1, as well as in [1], the Grothendieck—Verdier
duality takes the contragredient representation, see also Remark 5.3.2 below.

We will now describe explicitly the monoidal product featuring in Corollary 5.1.1
arising from V, and only briefly discuss how the braiding and balancing arise. Recall that
the antiequivalence D: C;P — Cy is given by sending a module M to its contragredient
M'. First of all the monoidal product induced by V, denoted

(12) —%—:CV®CV—>CV,

is given by
MRN—M@N = @ VoM,N,5)cS,
\4 )
S simple

where M ® N naturally inherits the structure of a V-module since it is a direct sum of

\Y%
V-modules.
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Remark 5.1.2. One can see that this implies that there are natural isomorphisms X ®

\

VXXV for every X € Cy, making V' the monoidal unit of (Cy,®). Since the
\ \

category Cy is semisimple, it is enough to show this for simple elements X. By definition

XoV= Vo(X,V, 5 ,
S @ o( )®c S
S simple
and Propagation of Vacua (see Section 4.3) provides an isomorphism

Vo(X,V,8') 2 Vo(X, 5.

Furthermore, in view of [74, Proposition 7.2], one can naturally identify V(X,S") =
Home, (X', 8"). Since both X and S are simple, we have Home, (X', S") = Cos—x,
concluding the argument.

For the category Cy to be a monoidal category, one also needs to specify the datum
of an associator, i.e. an isomorphism

@ VO(AaBaX,)®CVO(Xa C, Y/)®(CY = @ VO(AaylaX,)®CVO(XaBaC)®(CY
X,Y simple XY simple

In this situation, the associator arises from the composition of isomorphisms

(13) P V(4 B, X')®c Vo(X,C,Y') = Vy(A,B,C,Y)
X simple
and
(14) Vo(4,B,C,Y )= @ Vo(A,Y' X")®c Vo(X,B,C)
X simple

which are obtained from the isomorphisms given in (6) induced from the maps in Surfy
corresponding to the morphisms in Graphs given in Figure 2.

DS G GV,
B}<C%BXC%A

B C

FIGURE 2. Maps in Graphs inducing the associator in Cy .

In other words, the fact that V is a modular functor means that V comes equipped
with natural isomorphisms between the space of convariants associated to a marked
curve (C, P,, 7o) and the space of coivariants associated to all possible degenerations of
(C, Py, 7s). Given a P! marked by 4 distinct points (with non-zero tangent data), we can
degenerate it to the union of two P! meeting at a node in more than one way (depending
which points end up in which copy of P!). If the points are labeled by (A, B, C,Y’), then
splitting them into (A, B) and (C,Y”) will give the isomorphism (13), while splitting
them into (A4,Y”’) and (B, C) gives the isomorphism (14).
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Furthermore, since the fundamental group of ﬁo,n is the ribbon braid group on n —1
strands, we have that V gives rise to a natural braiding X ® Y £Y ® X using n = 3
A \

and to the balancing condition using n = 2.

Remark 5.1.3. The Grothendieck ring of Cy has already been studied in [17], where it is
shown that coinvariants from sufficiently nice VOAs (as those considered here and called
of CohFT type in [17]) can be used to define a Cohomological Field Theory via their Chern
character. Under this perspective, we can interpret Theorem 5.3.1 and Corollary 5.1.1
as an enhancement of [17].

5.2. Relation to factorization homology. Factorization homology [49, 3] allows one,
roughly speaking, to integrate an algebra over the (framed) little n-disks operad over an
n-dimensional oriented manifold. The concept takes inspiration from Beilinson—Drinfeld’s
notion of a chiral algebra [5], which is closely related to vertex operator algebras. In spite
of these concepts being close in spirit, the precise relation between between factorization
homology and vertex operator algebras seems relatively hard to pin down in terms of
precise results. Among the ones that we are aware of are the connection between vertex
(operator) algebras and factorization algebras in [11]. The connection between factor-
ization homology and spaces of conformal blocks in a topological sense is discussed [8],
where modular functors are classified using factorization homology.

The combination of [8] with Theorem 5.5.1 gives us the following rather straightfor-
ward description of V via factorization homology: For a compact oriented surface 3,
factorization homology of Cy gives us a linear category [5, Cy together with a homotopy
fixed point (’)g‘/ € J5,Cy, the so-called quantum structure sheaf [6]. If ¥ is a disk, then
J5;Cv is simply Cy, and the quantum structure sheaf just V. In very intuitive terms,
Og" € J5; Cy arises from “globalizing” the “local” object V" in the factorization homology
of a disk.

Let ¥ be an oriented surface that, for simplicity, is closed, and let H be a three-
dimensional compact oriented handlebody with 0H = 3. By [8, Section 4.1] the ansular
functor [57] associated to Cy (the extension of the cyclic framed Es-algebra Cy to han-
dlebodies) induces a functor

Oc, (H): /ECV — vect

from the factorization homology [5, Cy to the category of finite-dimensional vector spaces.
We call ®¢,, (H) the generalized skein module for H and Cy. The following is a conse-
quence of the classification of modular functors in [8] and the fact that Cy arises as the
evaluation of a modular functor via restriction to genus zero:

Corollary 5.2.1. Cy is connected in the sense of [8], i.e. ®¢, (H) = ¢, (H') for all
handlebodies H and H' with boundary ¥. Moreover, the value of ®¢,, (H): [s,Cy — vect

on O is canonically isomorphic to V(X),
Pe, (H) (05) = V(D),

as projective mapping class group representation, with the action on ®¢, (H) ((’)g‘/) in-

duced by the homotopy fixed point structure on (’)g‘/ and connectedness.
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In summary, the generalizes skein module translates the quantum structure sheaf into
the space of conformal blocks and thereby encodes the projective mapping class group
representation through factorization homology.

5.3. Cy is a modular fusion category. By analyzing more carefully the properties
of Cy we can strengthen the result of Corollary 5.1.1 and show that actually Cy is a
modular fusion category. To this end, recall that a modular fusion category is a finitely
semisimple category A with rigid monoidal product, simple unit, braiding, balancing
6 such that 6xv = 6% (here —" is the rigid duality), simple unit and non-degenerate
braiding. Non-degeneracy of the braiding means that the subcategory Z(A) C A of all
X € Asuch that cy, x ocxy = idxgy is trivial, i.e. generated by the monoidal unit under
finite direct sums. The subcategory Z2(.A) is also called the Miiger center of A.

Theorem 5.3.1. The modular functor V naturally induces on Cy the structure of a
modular fusion category.

A result obtaining a modular tensor structure from a finitely semisimple modular
functor whose ribbon Grothendieck—Verdier category is an r-category is given in [21,
Corollary 1.4] by combining [4, Theorem 5.5.1] with [21, Corollary 1.3]. For the concerns
mentioned in Remark 3.4.3, the proof of [21, Corollary 1.4] does not apply in our frame-
work, so we give a different proof in which we will, however, rely on the purely algebraic
statement [21, Corollary 1.3].

Proof. The ribbon Grothendieck—Verdier category Cy from Corollary 5.1.1 is finitely
semisimple. Moreover, it is an r-category in the sense of [7, Definition 1.5] because V is
self-dual. By [21, Corollary 1.3] this implies that the monoidal product of Cy is rigid. A
priori, the Grothendieck—Verdier duality D could be different from the rigid duality, but
by [7, Proposition 2.3] D agrees with the rigid duality up to tensoring with an invertible
object. This invertible object must be the monoidal unit I because Cy is an r-category.
This proves that the Grothendieck—Verdier duality of Cy agrees with the rigid duality.
Since [ is simple, this makes Cy a ribbon fusion category.

We are therefore left to show that the Miiger center Zs(Cy ) of Cy is trivial which, since
Cy is semisimple, is equivalent to showing that Z5(Cy) has exactly one simple object.
We first observe that

# simple objects in Z3(Cy) = dim HHy(Z2(Cy)),

where HHy(Z2(Cy)) denotes the zeroth Hochschild homology of Z»(Cy). In view of [37,
Proposition 4.4 and Lemma 4.5], this dimension be computed as the dimension of the
skein module Ske,, (S? x St) for Cy on the three-dimensional manifold S* x S! (see e.g.,
[37, Section 2.1] for a modern introduction to skein modules in the spirit of the classical
text [71]).

Let us finish the proof by showing that Ske, (S* x S') is one-dimensional: For any
compact oriented three-dimensional manifold M with Heegaard splitting M = H' Uy H,
[60, Corollary 3.10] tells us

XEfE Cy , v
Ske,, (M) = / e, (H)X" © b, (H)X .

With Corollary 5.2.1 it is now an immediate consequence that Ske,, (M) = Ske,, (M) if M
and M’ admit a Heegaard splitting for the same surface. In particular, for ¥ = T?, we find
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Skey (S? x St) = Ske,, (S?). Since the quantum trace gives us an isomorphism Ske,, (S%)
k, it follows that Ske,, (S? x S!) is one-dimensional, concluding the argument.

O IR

Remark 5.3.2. Since the braiding of Cy is non-degenerate, the cyclic structure on Cy
(here given by taking the contragredient representation) is actually unique relative to the
balanced braided monoidal structure [58, Corollary 4.5].

5.4. Comparison with Huang—Lepowsky’s tensor product. Understanding the
properties of categories of VV-modules is a central question in the theory of VOAs. In

particular, in [43, 44, 45, 39] a monoidal structure on Cy, which we denote ® here, is
HL

defined using analytic methods and intertwiners. There is a lot of evidence that indeed
the monoidal categories (Cy,®) and (Cy, ®) are naturally isomorphic. One can in fact
A HL

deduce that, under our assumptions on V and Cy one has

M = 3
I(—?i N @ VM,N ®(C S,
S simple

where Vj\q/L  is the space of intertwining operators of type ( MSN). Furthermore [74, Propo-
sition 7.4] provides a natural (functorial) isomorphism

(15) Vi v — Home(Vo(M, N, S"),C),
which gives therefore a natural isomorphism M ® N =2 M ® N and that preseve the
HL v

monoidal unit V. Therefore, in order to compare (Cy,®) and (Cy, ®) as monoidal
\ HL

categories one is left to show compatibility with the associators. A reason supporting
that this is indeed the case is that, as we explain in Section 5.1 for ® and as described
\

in [39] for ®, both associators are naturally constructed from the decomposition of a
HL

sphere with four punctures into spheres with three punctures in two different ways. We
therefore expect the following result, which we plan to explore in future work.

Expectation 5.4.1. The map (15) induces an equivalence of monoidal categories between
(CV,%)) and (CV’%;)'

One strategy to show this would be to directly compare the spaces of coinvariants on a
sphere with four marked points with the three-fold tensor product defined by Huang and
Lepowsky. We note that, in an analytic setting, this problem has been recently analyzed
in [55].

5.5. The 2dCFT/3dTFT correspondence and correlators. The topological ap-
proach to conformal field theory follows a two-step procedure:

(1) One organizes the spaces of conformal blocks of the conformal field theory into a
modular functor.

(2) One evaluates the modular functor on the disjoint union ¥ LI ¥ of surfaces ¥
together with the orientation-reversed surface ¥ and tries to find all consistent
system of correlators, i.e. conformal blocks that are invariant under the action of
the mapping class group and gluing. Finding the correlators is a mathematically
precise incarnation of solving the conformal field theory.
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For the Reshetikhin—Turaev type modular functor §¢ of a modular fusion category C, the
problem of classifying and constructing the consistent systems of correlators was achieved
in the series of papers of Fuchs—Runkel-Schweigert, partially with Fjelstad [27, 28, 29, 30,
23, 24] in terms of special symmetric Frobenius algebras inside the modular fusion category
in question. This approach is often referred to as the FRS formalism. Let us recall that
a special symmetric Frobenius algebra F' € C insie a pivotal finite tensor category with
monoidal unit [ is an associative unital algebra with a symmetric non-degenerate pairing,
see e.g. [34]. In particular, this entails that in addition to the product p: F®F — F with
unit n: I — F, there is a coproduct 6: F' — F ® F with counit e: F — I. A symmetric
Frobenius algebra F' is called special if pod = idp and eon # 0. This solution procedure
of rational two-dimensional conformal field theory via three-dimensional topological field
theory can be interpreted as a holographic principle [47].

There is however one open problem in the FRS approach that is explained in [31, Sec-
tion 3.3]: The relation between the mapping class group representation of the Reshetikhin—
Turaev type modular functor associated to a modular fusion category and the flat con-
nection on the vector bundles of conformal blocks over /i/lvgyn is not known for every g.
An instance where such a comparison was established is for the affine VOA L/(sly) in
[2].

Via the results of this article, we can prove a more general comparison. Throughout,
Cy will denote the modular fusion category arising from the modular functor V.

Theorem 5.5.1. Up to a contractible space of choices, the modular functor V is the
unique modular functor extending the modular fusion category Cy from genus zero to all
surfaces. In particular, there is a canonical equivalence

V= Fc,

of modular functors between V and the Reshetikhin—Turaev type modular functor e,
of the modular fusion category Cy. This affords an extension of V to a once-extended
three-dimensional topological field theory.

Proof. Since Cy is a modular fusion category by Theorem 5.3.1 the statement follows
from the classification of modular functors [8, Theorem 6.8 and Section 8.1]. O

We note that this establishes a universal topological property of the modular fusion
category Cy arising from conformal blocks.

Admittedly, it might be preferable to formulate such a comparison not for Cy, but
instead for the Huang—Lepowsky tensor structure (defined on the same underlying cate-
gory, but a priori different). As explained in Section 5.4, such a comparison is currently
out of reach. However, Theorem 5.5.1 is enough to conclude that V forms a modular
functor that can be described as the Reshetikhin—Turaev type modular functor of some
modular fusion category. This already ensures that the FRS formalism applies because
the latter is fortunately formulated for any modular fusion category regardless of such a
modular fusion category arises through the theory of Huang—Lepowsky.

One of the consequences of Theorem 5.5.1 is Corollary 5.5.2 below, for which we will
need to introduce a little notation. Given C = (C, P.,7s) € M,,, we will use the
notation C' = (C_’ , P, Te) to denote the curve obtained from C reversing the direction of
7, that is C = (C, Ps, —7s). Note that this operation, induces a Z/2Z action on M,
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which, in Surf, amounts to the operation sending an oriented surface ¥ to the surface ¥
with the opposite orientation. Let B € Cyy X Cy and set

V(Bn)[C,PQ,T.] = V<B7 ttt B)[CUC_';Pl7151,...,Pn715n;7'1,’7'1,...,Tn,i’n]’

so that each copy of B is inserted at the pair of points (P;, P;). Note that when (C, P, Ts)
vary in My n, the vector space V(B") (¢ p, 5,] defines a vector bundle, denoted V4 (B™) on

M, which is naturally equipped with a flat connection (where the anomaly is trivial).
Using this notation, Theorem 5.5.1 implies the following:

Corollary 5.5.2. Let I be a special symmetric Frobenius algebra F' in Cy and let B(F)
be the bulk algebra B(F') € Cy W Cy associated to F. Then, for every g and n, F gives

rise to a system of flat sections sﬁjn of Vg(B(F)™) which is compatible with gluing.

Remark 5.5.3. We collect some observations.

(a) When F' = V is the monoidal unit, the underlying object of its bulk algebra B(F’)
can be identified with A = ®SX.S’. Applying Corollary 5.5.2 to F' = V allows us
to conclude the very non-trivial statement that non-zero flat sections for V4(A™)
always exist. In the language of conformal field theory, this corresponds to the
so-called Cardy case.

(b) The spaces of conformal blocks V evaluated on C'UC belong to a modular functor
that by restriction to genus zero gives us the modular fusion category Cy X Cy,
where Cy has the same monoidal product, but the inverse braiding and balancing;
this is again an easy consequence [8, Theorem 6.8]. Actually, the modular functor
associated to C X C for any modular fusion category is an open-closed modular
functor (this means that one has also spaces of conformal blocks for surfaces with
embedded intervals in their boundary), and all consistent systems of correlators
compatible in a certain sense with this open-closed extension arise from special
Frobenius algebras [24].

(¢c) Theorem 5.5.1 gives us a Verlinde formula for the modular functor V along the
lines of [70, 54, 69]: The space of conformal blocks for the torus T? (which in
view of Theorem 5.5.1 is identified with the vector spaces freely generated by the
set of simple objects of Cy/) comes with a multiplication induced by the monoidal
product of Cy (the one from Corollary 5.1.1). The operator associated to the
mapping class

S = (g _é> € SL(2,Z) = Map(T?)
transforms this multiplication into a diagonal multiplication, i.e. “S diagonalizes
the fusion rules”. This gives a direct proof of Verlinde’s formula from the VOA
perspective, analogous to Verlinde formula in [42].

5.6. Beyond semisimplicity. The previously cited works of Huang and Lepowsky have
been extended, together with Zhang, beyond our assumptions to include, for instance,
non-rational VOAs [46]. As established in [1], under the assumptions of Huang, Lep-
owsky and Zhang, the category of V-modules is a ribbon Grothendieck—Verdier category.
Similarly, the definition of coinvariants V given in [25, 61, 16, 18], which we used in
Section 5.1 to define the tensor product %} does not require that the VOA it depends
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on is rational (or even Ch-cofinite). In [14] it is shown that if V is of CFT type and
Ch-cofinite, then the sheaves of coinvariants V(X,) are coherent on My, and since
they admit a connection on Mg,m they give rise to vector bundles on /\79,”. We note,
however that, without the rationality assumption, it is not known whether the Sewing
Theorem, crucially used in the proof Lemma 4.4.2 to construct the gluing isomorphism
of Proposition 4.4.1, holds in this setting. In [13], a sufficient condition to ensure that a
Sewing-type Theorem holds (called smoothing property) is provided in terms of algebraic
properties of the mode transition algebra A = A(V') of V, an associative algebra naturally
associated with V.

As described in Section 5.1, in order to obtain a ribbon Grothendieck—Verdier structure
on Cy from conformal blocks, it would suffice to analyze the properties of sheaves of
conformal blocks on the moduli spaces Mo,n of rational curves, and not consider curves
of higher genus when showing an analogue of Theorem 5.3.1. Using the language of
Section 5.1, it makes sense to pose the following question:

Question 5.6.1. Under which assumptions on V', the associated conformal blocks V
define a cyclic framed E5-algebra?

In the following example we discuss one possible starting point to tackle the above
question.

Example 5.6.2. Let V = 7, be the rank-r Heisenberg VOA (for r > 1). Since sheaves of
coinvariants Vo(X,) arising from m,-modules X, are coherent on My, (see [12]), one can
show that these are indeed vector bundles of finite rank over ./(/lvo,n which are naturally
equipped with a flat connection. Furthermore, as a consequence of the smoothing property
[13] (which holds for =, as explicitly computed in [13, Section 7] and [15, Section 6.1]),
these sheaves extend to vector bundles to the whole space My, (and the connection
naturally extends to the boundary aquiring logarithmic singularities along Ag ;). One
could further adapt the methods used in Section 4.3 to show that the analogue of (7) holds
true. Moreover, the smoothing property mentioned above ensures that these bundles
satisfy an analogue of (10). Namely, there is an isomorphism

(16) SpeVO(Xl, e ,an,Yl, NN ,Yn2) = VO(QL, Xl, NN ,an,lfl,. . .,Ynz),

of vector bundles over M07n1+1 X Mo’n2+1, where the mode transition algebra 2 can be
naturally viewed as an element of C;, X C, . We note that, in order to be able to relate
(16) with (5)—and obtain in this case a cyclic famed FEs-algebra—one would need to
show that indeed there is an isomorphism between the coevaluation element A and the
mode transition algebra 2, and further that (16) is an isomorphism of D-modules (and
not merely of vector bundles).

Let now V' be a more general VOA. The smoothing property introduced in [13] is what
implies, under finiteness of conformal blocks, the existence of an isomorphism of vector
bundles of the type (16) (for every genus). Since this could, in principle, hold also beyond
the case of Heisenberg VOASs, in order to answer Question 5.6.1 it is natural to pose the
following question:

Question 5.6.3. What is the relation between A and A? Under which conditions are
they isomorphic?
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When V is rational, then it is true that 2 = A. In fact, as shown in [13, Remark

3.4.6], one naturally has that

A= P SKS,
S simple

and we saw that the same decomposition holds true for A. We believe that Question 5.6.3
has a positive answer in the case V = mg. However, we know from [13, Proposition
9.1.4] that the smoothing property fails for the Co-cofinite, but not rational VOA W (p).
Although this does not imply that an isomorphism similar to (16) cannot exist, it might
be an evidence that the relation between A and 2( could be quite subtle.

It is also natural to understand to which extent V defines a modular functor in every
genus. However, to formulate a perhaps more sensible question, we will need to recall
some results and terminology. We note that in the situation in which we have a not
necessarily semisimple modular category (but which is still rigid), an associated modular
functor can still be built through the construction of Lyubashenko [50, 52, 51] (see also [8,
Section 8.3] for a factorization homology description of this construction). However, if we
are just given a ribbon Grothendieck—Verdier category that is not necessarily modular,
we can generally only build an ansular functor [57], a version of the notion of a modular
functor in which all surfaces are replaced with handlebodies. In some cases, these extend
to modular functors [8, Example 8.8] even though the category is not modular; in other
cases, they do not [73, Example 11.10]. In any case, one may obtain from a ribbon
Grothendieck—Verdier category a pivotal Grothendieck—Verdier category by forgetting
the braiding and from a such a datum, one may construct an open modular functor [59].
In view of this, we therefore pose also the following:

Question 5.6.4. Under which assumptions on V', can one adapt the construction of [25]
to build an “open version” of V? When would this define an open modular functor?

We note that the construction of conformal blocks from [25] naturally belongs to the
realm of algebraic geometry, while the notion of open modular functor is purely topologi-
cal. Therefore, one key step towards answering Question 5.6.4 is therefore to understand
how to phrase the notion of an open modular functor in the algebraic framework.
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