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Moduli spaces

Moduli spaces are varieties which parametrize
algebro-geometric objects.
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A point of Mg, corresponds to a stable n-pointed curve of
genus g.

Chiara Damiolini Conformal blocks and moduli spaces



Moduli spaces

Moduli spaces are varieties which parametrize
algebro-geometric objects.

mg.n
A point of Mg, corresponds to a stable n-pointed curve of
genus g.

Chiara Damiolini Conformal blocks and moduli spaces



Moduli spaces

Moduli spaces are varieties which parametrize
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A point of Mg, corresponds to a stable n-pointed curve of
genus g.

Bu Nsi,

Let C be a curve. Then Bung|, parametrizes vector bundles
on C having rank r and trivial determinant.
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Moduli spaces

Moduli spaces are varieties which parametrize
algebro-geometric objects.

mg.m
A point of Mg, corresponds to a stable n-pointed curve of
genus g.

BUI’WSL,
Let C be a curve. Then Bung|, parametrizes vector bundles
on C having rank r and trivial determinant.

More generally, we are interested in Bung for a simple and

simply connected group G: this parametrizes principal
GC-bundles over C.
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Conformal blocks

Conformal blocks are finite dimensional complex vector
spaces
V[((C,E), (G7M))

associated with two types of data:
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A stable pointed curve (C,P1,...Pp). i PN
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Conformal blocks

Conformal blocks are finite dimensional complex vector
spaces
V[((C,E), (G7M))

associated with two types of data:

Geometry
A stable pointed curve (C,P1,...Pp). i PN
(Y C
v,
Representation theory
A simple and simply connected algebraic group G and n
irreducible representations V1,...V, of G of bounded level /.
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Conformal blocks

Conformal blocks are finite dimensional complex vector
spaces
V[((C,E), (G7M))

associated with two types of data:

Geometry Vv v
A stable pointed curve (C,P1,...Pp). /—;\,\:_/\
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Representation theory
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Conformal blocks

Conformal blocks are finite dimensional complex vector
spaces
V[((C,E), (G7M))

associated with two types of data:

Geometry vy

A stable pointed curve (C,P1,...Pp). i PN
R C

Representation theory
A simple and simply connected algebraic group G and n
irreducible representations V1,...V, of G of bounded level /.

The dimension of V,((C, P), (G, V)) is explicitly computed
with the Verlinde formula.

Chiara Damiolini Conformal blocks and moduli spaces



Conformal blocks and Mg,

Conformal blocks and Mg 3

Fix a representation V of C.
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Conformal blocks and Mg,

Conformal blocks and Mg 3

Fix a representation V of C.

Associating to
each pointed
curve (C,P) the

conformal block

P < Vi((C, P), (G, V))
defines the vector
bundle

. JC Ve(V)

on Mg 1.
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Conformal blocks and Bung

Let C be a curve and G a simple and simply connected
algebraic group.
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Conformal blocks and Bung

Let C be a curve and G a simple and simply connected
algebraic group.

A. The set of isomorphism classes of line bundles of Bung is
in bijection with Z.
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Conformal blocks and Bung

Let C be a curve and G a simple and simply connected
algebraic group.

A. The set of isomorphism classes of line bundles of Bung is
in bijection with Z.

B. There is a natural bijection between

HO(Bung, O(¢)) = V,(C, G).
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Conformal blocks and Bung

Let C be a curve and G a simple and simply connected
algebraic group.

A. The set of isomorphism classes of line bundles of Bung is
in bijection with Z.

B. There is a natural bijection between
H®(Bung, O(¢)) = V(C, C).

Example. Let C be a curve of genus g, then the Verlinde
formula gives

dimH® (Buns,, O(1)) = n9.
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Generalization 1

We have seen that classical space of conformal blocks
Vi((C, P), (G, V))

depends on:

A stable pointed curve (C,P1,...Pn);

A simple and simply connected algebraic group G and n
irreducible representations V1,...V, of G of bounded level /.
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Generalization 1

We have seen that classical space of conformal blocks
Vg((C,E), (sz))
depends on:

A stable pointed curve (C,P1,...Pn);

A simple and simply connected algebraic group G and n
irreducible representations V1,...V, of G of bounded level /.

Question: What happens if we modify the representation
theoretical data with a more general one?
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Generalization 1

The space of generalized conformal blocks
Vf((C7E)7 (W’ M))
is a vector spaces which depends on:

A stable pointed curve (C,P1,...Pn);

A nice vertex operator algebra W and n admissible
representations M+, ... M.
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Generalization 1

The space of generalized conformal blocks
Vf((C7E)7 (W’ M))
is a vector spaces which depends on:

A stable pointed curve (C,P1,...Pn);

A nice vertex operator algebra W and n admissible
representations M+, ... M.

It has been proved that in certain cases they still form a

vector bundle on Wo,n which satisfies similar properties to
the classical one.
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Generalization 1

The space of generalized conformal blocks
Vg((C,E), (W’ M))
is a vector spaces which depends on:

A stable pointed curve (C,P1,...Pn);

A nice vertex operator algebra W and n admissible
representations M+, ... M.

It has been proved that in certain cases they still form a
vector bundle on Wo,n which satisfies similar properties to
the classical one.

In a joint project with A. Gibney and N. Tarasca we are
exploring how to extend these results on Mg .
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Generalization 2

Going back to the classical conformal blocks
Vﬁ((cae)a (Gaz))a

we can also formulate the following question.
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Generalization 2

Going back to the classical conformal blocks
Vﬁ((cae)a (Gaz))v

we can also formulate the following question.

Question: What happens if we modify the geometric input
(C,P) and consequently also the group G?
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Generalization 2

Theorem. [D. '17; Hong-Kumar '18] Given the data of:
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Generalization 2

Theorem. [D. '17; Hong-Kumar '18] Given the data of:

A Galois covering of curves (E‘ — C) and points Py,...P, of C.
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Generalization 2

Theorem. [D. '17; Hong-Kumar '18] Given the data of:
A Galois covering of curves (E‘ — C) and points Py,...P, of C.

A nice algebraic group G — C depending on the covering,
and admissible representations V1,...Vp;
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Generalization 2

Theorem. [D. '17; Hong-Kumar '18] Given the data of:
A Galois covering of curves (E‘ — C) and points Py,...P, of C.

A nice algebraic group G — C depending on the covering,
and admissible representations V1,...Vp;

|
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Generalization 2

Theorem. [D. '17; Hong-Kumar '18] Given the data of:
A Galois covering of curves (E‘ — C) and points Py,...P, of C.

A nice algebraic group G — C depending on the covering,
and admissible representations V1,...Vp;

it is possible to define the space of twisted conformal blocks
Vi((C = C,P),(G,V))

which defines a vector bundle on the moduli space
parametrizing Galois coverings of curves and satisfies
properties analogous to the classical conformal blocks.
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Future directions

Goals
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Future directions

Goals

e To prove a Verlinde type formula for the generalized and
twisted conformal blocks.
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Future directions

Goals

e To prove a Verlinde type formula for the generalized and
twisted conformal blocks.

e To show an identification of the twisted conformal blocks
with global sections of line bundles on Bung.

Chiara Damiolini Conformal blocks and moduli spaces



Future directions

Goals

e To prove a Verlinde type formula for the generalized and
twisted conformal blocks.

e To show an identification of the twisted conformal blocks
with global sections of line bundles on Bung.

Thank you!
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